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Abstract
A boundedness result is established for sublinear operators on homogeneous Herz spaces. As
applications, a new result about the weighted boundedness of commutators of convolution operators
is obtained.
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1. Introduction and results
Let Rn, n  1, be the n-dimensional Euclidean space and let Sn−1 be the unit sphere
in Rn equipped with normalized Lebesgue measure dσ = dσ(x ′). Let Ω be a homogene-
ous function of degree zero on Rn and Ω(x ′) ∈ Ls(Sn−1) (s  1), and∫
Sn−1
Ω(x ′) dσ(x ′)= 0,
where x ′ = x/|x| for any x = 0.
The Calderon´–Zygmund singular integral operator T is defined by
Tf (x)= PV
∫
Rn
Ω(y ′)
|y|n f (x − y) dy,
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T ∗f (x)= sup
>0
∣∣∣∣∣
∫
|x−y|>
Ω(y ′)
|y|n f (x − y) dy
∣∣∣∣∣,
where y ′ = y/|y| ∈ Sn−1 and f ∈ C∞0 (Rn).
In 1971, Muckenhoupt and Wheeden [9] proved that if Ω(x ′) ∈ Ls(Sn−1) (s > 1), then
the operators T and T ∗ were bounded on Lq(Rn, |x|β) (1 < q <∞) provided that β be in
the interval (max{−n,−1− (n− 1)q/s′},min{n(q − 1), q − 1 + (n− 1)q/s′}), here and
in the following, r ′ denotes r/(r − 1) and Lq(Rn, |x|β dx) denotes the weighted Lebesgue
space defined by ‖f ‖Lq(Rn,|x|β dx) = (
∫
Rn
|f (x)|q |x|β dx)1/q . For general Aq weights,
Duoandikoetxea [4] gave the weighted Lq (1 < q <∞) boundedness of T and T ∗.
The purpose of this paper is to consider the weighted Lq (1 < q <∞) boundedness
for a class of higher order commutators followed by Tb,m and T ∗b,m which are defined as
follows,
Tb,mf (x)= PV
∫
Rn
[
b(x)− b(y)]mΩ(x − y)|x − y|n f (y) dy,
and the maximal commutator of convolution operator T ∗b,m defined by
T ∗b,mf (x)= sup
>0
∣∣∣∣∣
∫
|x−y|>
[
b(x)− b(y)]mΩ(x − y)|x − y|n f (y) dy
∣∣∣∣∣,
where b ∈ BMO(Rn), m ∈N, and f ∈ C∞0 (Rn).
A celebrated result of Coifman and Meyer [3] states that if Ω ∈ C1(Sn−1), then
for 1 < q < ∞, Tb,1 is bounded on Lq(Rn). When Ω ∈ ⋃s>1Ls(Sn−1), by a well-
known result of Duoandikoetxea [4] and the Alvarez–Bagby–Kurtz–Pérez boundedness
criterion for the commutators of linear operator [2, Theorem 2.13], we know that the
operators Tb,m and T ∗b,m are bounded on Lq(Rn, |x|β dx) (1 < q < ∞) provided that
max{−n,−nq/s′}< β < min{n(q − 1), nq/s′}. Later, Lu et al. [8] obtained some slightly
improvement results in the way.
Compared with the power weight result of the operators T and T ∗, we know that the
power weight result of the commutator operators Tb,m and T ∗b,m is not best possible. In
this paper, we try to obtain a similar result about the operators T and T ∗ with respect
to the operators Tb,m and T ∗b,m. Since the homogeneous Herz spaces are some kinds of
generalization of the weighted Lebesgue spaces with power weight, these results are of
great interest, see [7]. We first obtain a boundedness result for sublinear operators on the
homogeneous Herz spaces, from which we can obtain some results about the weighted
boundedness for the commutators of singular integral operators. To state our results, let us
first introduce the definition of the homogeneous Herz spaces.
Let Bk = {x ∈ Rn: |x| 2k} and Ak = Bk\Bk−1 for k ∈ Z. Let χk = χAk for k ∈ Z be
the characteristic function of the set Ak .
Definition 1.1. Let α ∈R, 0 <p ∞, and 0 < q <∞. The homogeneous Herz spaces
K˙
α,p
q (R
n)= {f ∈Lq (Rn\{0}), ‖f ‖ ˙ α,p n <∞},loc Kq (R )
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‖f ‖K˙α,pq (Rn) =
{ ∞∑
k=−∞
2kαp‖f χk‖pLq(Rn)
}1/p
with the usual modifications made when p =∞.
Obviously, K˙0,qq (Rn)= Lq(Rn) and K˙α/q,qq (Rn)= Lq(Rn, |x|α), the Lebesgue spaces
with power weight |x|α .
Now, let us state the main results of this paper.
Theorem 1.1. Let Ω˜ be a homogeneous function of degree of zero, s  1, m ∈ N, and
b ∈ BMO(Rn). Let Ω˜ ∈ Ls(logL)m(Sn−1), that is∫
Sn−1
∣∣Ω˜(x ′)∣∣s logm(2+ ∣∣Ω˜(x ′)∣∣)dσ(x ′) <∞.
Suppose max{−n/q,−1/q− (n− 1)/s′}< α < min{n/q ′,1/q ′ + (n− 1)/s′}, 0 <p ∞
and 1 < q <∞. Also assume that Tb,m is a sublinear operator satisfying the condition that
for any f ∈L1(Rn) with compact and x /∈ suppf ,∣∣Tb,mf (x)∣∣ C ∫
Rn
|b(x)− b(y)|m
|x − y|n
∣∣Ω˜(x − y)∣∣∣∣f (y)∣∣dy.
If Tb,m is bounded on Lq(Rn), then Tb,m is also bounded on K˙α,pq (Rn).
By Theorem 1.1, we obtain the following result.
Theorem 1.2. Let b ∈ BMO(Rn), m ∈N, s > 1, and Ω ∈ Ls(logL)m(Sn−1). If max{−n,
−1− (n− 1)q/s′}< β < min{n(q − 1), q − 1+ (n− 1)q/s′} and 1< q <∞, then
‖Tb,mf ‖Lq(Rn,|x|β dx)  C‖f ‖Lq(Rn,|x|β dx)
and ∥∥T ∗b,mf ∥∥Lq(Rn,|x|β dx)  C‖f ‖Lq(Rn,|x|β dx).
We remark that although our results are not best possible, we improve essentially the
main results in [8].
Throughout this paper, C denotes the constants that are independent of the main
parameters involved but whose value may differ from line to line. For a locally integrable
function f and a nonnegative weighted function ω, a real number γ  1 and a cube I ,
define
‖f ‖L(logL)γ ,Iω = inf
{
λ > 0:
1
ω(I)
∫ |f (y)|
λ
logγ
(
2+ |f (y)|
λ
)
ω(y) dy  1
}
I
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{
λ > 0:
1
ω(I)
∫
I
exp
( |f (y)|
λ
)1/γ
ω(y) dy  1
}
,
where ω(I) = ∫I ω(y) dy. Since that φ(t) = t logγ (2 + t) is a young function on [0,∞)
and its complementary Young function is ψ ≈ exp t1/γ , the generalized Hölder inequality
1
ω(I)
∫
I
∣∣f (y)h(y)∣∣dy  C‖f ‖L(log)γ ,Iω‖h‖(exp)1/γ ,Iω .
holds for locally integrable functions f and h, see [1] or [10] for details.
2. Proof of Theorem 1.1
We need the following Lemma in the proof of Theorem 1.1.
Lemma 2.1. Let Ω ∈ L∞(Sn−1) be homogeneous of degree zero, m ∈ N, b ∈ BMO(Rn),
s  1, and 1 < q <∞. Set
λΩ,m = inf
{
λ > 0:
‖Ω‖s
λ
logm
(
2+ ‖Ω‖∞
λ
)
 1
}
.
If max{−n,−1−(n−1)q/s′}< β < min{n(q−1), q−1+(n−1)q/s′}, then the truncated
operator Sr;b,m defined by
Sm
r;b,Ωf (x)= r−n
∫
|x−y|<r
∣∣Ω(x − y)∣∣∣∣b(x)− b(y)∣∣m∣∣f (y)∣∣dy
is bounded on Lq(Rn, |x|β dx) with bound C‖b‖mBMO(Rn)λΩ,m.
Here and in what follows, let ‖f ‖p denote ‖f ‖Lp(Sn−1) for 1 p ∞.
Proof. By duality, we only consider the case max{−n,−1− (n− 1)q/s′}< β < 0. Obvi-
ously, we may assume that λΩ,m = 1/2. Thus
‖Ω‖1 logm
(
2+ ‖Ω‖∞
)
 1.
Define the operator U by
Uh(x)=
∫
|x−y|1
∣∣Ω(x − y)∣∣h(y) dy
and a related maximal operator
MΩh(x)= sup
r>0
1
rn
∫ ∣∣Ω(x − y)h(y)∣∣dy.
|x−y|<r
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U∗h(x)=
∫
|x−y|1
∣∣Ω(y − x)∣∣h(y) dy.
By dilation invariance, it suffices to consider the case r = 1 for the operator Sr;b,m. Without
loss of generality, we may assume that ‖b‖BMO(Rn) = 1. Decompose Rn as Rn =⋃j Qj ,
where each Qj is a cube having side length 1 and these cubes {Qj } have disjoint interiors.
Let χQj be the characteristic function of Qj . Set fj = fχQj . Since that the support of
Sm1;b,Ωfj is contained in a fixed multiple of Qj , the supports of the various terms S
m
1;b,Ωfj
have bounded overlaps, and we have∥∥Sm1;b,Ωf ∥∥qLq(Rn;ωdx)  C∑
j
∥∥Sm1;b,Ωfj∥∥qLq(Rn;ωdx).
Here and in what follows, we denote ω by |x|β .
Thus we may assume that suppf ⊂ Q for some cube Q with side length 1. We also
assume that ‖f ‖Lq(Rn,ω dx) = 1. Choose η ∈ C∞0 (Rn), 0 η  1, η is identically one on
10nQ and vanishes outside 50nQ. Set Q = 50nQ, and b¯(x) = (b(x)− bQ)η(x), where
bQ is the mean value of b on Q, write
Sm1;b,Ωf (x)
m∑
i=0
Cim
∣∣b¯i(x)∣∣U(|b¯m−if |)(x).
Similar to the proof of Lemma 3 in [6], it is easy to see that, for 1 < q <∞,∥∥b¯iU(|b¯m−if |)∥∥
Lq(Rn)
 C‖f ‖Lq(Rn). (1)
For each fixed integer i, 0  i  m, observe that suppU(|b¯m−if |) ⊂ 100nQ. Next, we
consider two cases.
Case 1. Q∩B(0,100n)= ∅. Then, by (1),∥∥b¯iU(|b¯m−if |)∥∥q
Lq(Rn,ω dx)
C
∥∥b¯iU(|b¯m−if |)∥∥q
Lq(Rn)
aqω
C‖f ‖qLq(Rn)bqω  C‖f ‖q(Rn,ω dx)  C,
where aω = [min{|x|: x ∈ 20nQ}]β , bω = [max{|x|: x ∈ Q}]β , and here and in what
follows, we let ω denote |x|β .
Case 2. Q ∩ B(0,100n) = ∅. Since ω ∈ Aq , ω(E)/ω(Q)  C(|E|/|Q|)δ , for E ⊂Q,
Q a cube. On the other hand, if ‖b‖BMO  1, then |{x ∈ Q: |b(x) − bQ| > λ}| 
C exp(−c1λ)|Q|. Setting E = {x ∈Q: |b(x)− bQ|> λ}, one gets
ω
({
x ∈Q: ∣∣b(x)− bQ∣∣> λ}) C exp(−δc1λ)ω(Q),
which implies b′s local exponential integrability relative to ω.
By the generalized Hölder inequality,∥∥b¯iU(|b¯m−if |)∥∥q
Lq(Rn,ω dx)
 ω(Q)‖b¯qi‖(expL)1/qi ,Qω
∥∥U(|b¯m−if |)q∥∥
L(logL)qi ,Qω
C
∥∥U(|b¯m−if |)q∥∥ qi  .L(logL) ,Qω
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claim that for each fixed nonnegative integer i , there exists a positive constant C =
C(n, i, q) such that∥∥(U∗h)q ′∥∥
L(logL)q′i ,Q
ω−1/(q−1)
= inf
{
λ > 0:
∫
Q
|U∗h(x)|q ′
λ
logq
′i
(
2+ |U
∗h(x)|q ′
λ
)
ω−1/(q−1)(x) dx  1
}
 C log−q ′(m−i)
(
2+ ‖Ω‖∞
)‖h‖q ′
Lq
′
(Rn,ω−1/(q−1) dx),
if supph⊂ 100nQ.
In fact, without loss of generality, we may assume that ‖h‖
Lq
′
(Rn,ω−1/(q−1) dx) = 1. By
the Young inequality and Theorem 7 in [4], we have that for some C0 = C(n,q) > 1,
‖U∗h‖L∞(Rn)  ‖Ω‖∞‖hω1/qω−1/q‖L1(Rn)
 C‖Ω‖∞‖h‖Lq′ (Rn,ω−1/(q−1) dx)
(∫
Q
ω(x) dx
)1/q
 C0‖Ω‖∞.
By the weighted boundedness of MΩ (see [4, Theorem 6]), then
‖U∗h‖
Lq
′
(Rn,ω−1/(q−1) dx) 
∥∥MΩh(−·)∥∥Lq(Rn,ω−1/(q−1) dx)
C‖ Ω‖s‖h‖Lq′ (Rn,ω−1/(q−1) dz) = C‖Ω‖s .
Then ∥∥(U∗h)q ′∥∥
L(logL)q′i ,Q
ω−1/(q−1)
= inf
{
λ > 0:
∫
Q
|U∗h(x)|q ′
λ
logq
′i
(
2+ |U
∗h(x)|q ′
λ
)
ω−1/(q−1) dx  1
}
 inf
{
λ > 0:
‖Ω‖q ′s
λ
logq
′i
(
2+ C
q ′
0 ‖Ω‖q
′
∞
λ
)
 1
}
.
Note that
q ′i‖Ω‖s logm−i (2+ ‖Ω‖∞)
[q ′(m+ 1)]i log
i
(
2+ ‖Ω‖∞ log
m−i (2+ ‖Ω‖∞)
[q ′(m+ 1)]i
)
 ‖Ω‖s log
m−i (2+ ‖Ω‖∞)
(m+ 1)i log
i
[(
2+ ‖Ω‖∞
)m+1]
 ‖Ω‖s logm
(
2+ ‖Ω‖∞
)
 1.
Therefore,
inf
{
λ > 0: q ′i ‖Ω‖s logq ′i
(
2+ ‖Ω‖∞
)
 1
}
C log−(m−i)
(
2+ ‖Ω‖∞
)
λ λ
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L(logL)q′i ,Q
ω−1/(q−1)
 C log−q ′(m−i)
(
2+‖Ω‖∞
)
. (2)
Thus, by (2), we have∥∥U(|b¯m−if |)∥∥
Lq(Rn,ω dx)
= sup
supph⊂Q,‖h‖
L
q′
ω−1/(q−1)
1
∣∣∣∣∣
∫
Q
U
(|b¯m−if |)(x)h(x) dx∣∣∣∣∣
= sup
supph⊂Q,‖h‖
L
q′
ω−1/(q−1)
1
∣∣∣∣∣
∫
Q
U∗h(x)
∣∣b¯m−if (x)∣∣dx∣∣∣∣∣
= sup
supph⊂Q,‖h‖
L
q′
ω−1/(q−1)
1
(∫
Q
∣∣U∗h(x)∣∣q ′∣∣b¯(m−i)q ′(x)∣∣ω−1/(q−1) dx)1/q ′
× ‖f ‖Lq(Rn,ω dx)
 C sup
supph⊂Q,‖h‖
L
q′
ω−1/(q−1)
1
∥∥b¯(m−i)q ′∥∥1/q ′
(expL)1/(q′(m−i)),Q
ω−1/(q−1)
×‖U∗h‖1/q ′
L(logL)q′(m−i),Q
ω−1/(q−1)
 C sup
supph⊂Q,‖h‖
L
q′
ω−1/(q−1)
1
‖U∗h‖1/q ′
L(logL)q′(m−i),Q
ω−1/(q−1)
 C log−i
(
2+ ‖Ω‖∞
)
. (3)
To compute ‖U(|b¯m−if |)q‖L(logL)qi ,Qω , we need to estimate ‖U(|b¯m−if |)q‖L∞(Rn), by
the Young inequality, for 1 < r < q , then∥∥U(|b¯m−if |)q∥∥
L∞(Rn)  ‖ Ω‖∞‖b¯m−if ‖L1(Rn)
C‖ Ω‖∞‖b¯m−i‖Lr′ (Rn)‖f ‖Lr(Rn)
C‖ Ω‖∞
(∫
Q
∣∣f (x)∣∣r[ω(x)]r/q[ω(x)]−r/q dx)1/q
C‖ Ω‖∞‖f ‖Lq
(Rn,ω dx)
[∫
Q
(
ω(x)
)−r/(q−r)
dx
](q−r)/q2
C‖ Ω‖∞. (4)
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Q
[
U
(|b¯m−if |)(x)]q logqi(2+ [U(|b¯m−if |)(x)]q)ω(x) dx
 C logqi
(
2+ ‖Ω‖∞
)∥∥U(|b¯m−if |)∥∥q
L
q
(Rn,ω dx)
 C.
This in turn implies that∥∥U(|b¯m−if |)q∥∥
L(logL)qi ,Qω  C.
Thus,∥∥b¯iU(|b¯m−if |)∥∥q
Lq(Rn,ω dx)
 C
∥∥U(|b¯m−if |)q∥∥
L(logL)qi ,Qω C.
Combining cases 1 and 2, Lemma 2.1 is proved. ✷
Proof of Theorem 1.1. We choose α1, α2 ∈R, such that max{−n/q,−1/q−(n−1)/s′}<
α1/q < α < α2/q < min{n/q ′,1/q ′ + (n− 1)/s′}, write
f (x)=
∞∑
k=−∞
f (x)χk(x)≡
∞∑
k=−∞
fk(x).
Then, we have
∥∥Tb,mf ∥∥K˙α,pq (Rn) =
{ ∞∑
k=−∞
2kαp
∥∥χkTb,mf ∥∥pLq(Rn)
}1/p
C
{ ∞∑
k=−∞
2kαp
(
k−2∑
j=−∞
∥∥χkTb,mf ∥∥Lq(Rn)
)p}1/p
+C
{ ∞∑
k=−∞
2kαp
(
k+1∑
j=k−1
∥∥χkTb,mf ∥∥Lq(Rn)
)p}1/p
+C
{ ∞∑
k=−∞
2kαp
( ∞∑
j=k+2
∥∥χkTb,mf ∥∥Lq(Rn)
)p}1/p
≡E1 +E2 +E3.
For E2, by the Lq(Rn) boundedness of Tb,m, we have
E2  C
{ ∞∑
k=−∞
2kαp
(
k+1∑
j=k−1
∥∥χkTb,mf ∥∥Lq(Rn)
)p}1/p
 C‖f ‖K˙α,pq (Rn).
For E1, note that when x ∈ Ak, j  k − 2, and y ∈ Aj , then 2|y|  |x|. Therefore, for
x ∈Ak ,
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Rn
|Ω˜(x − y)|
|x − y|n
∣∣b(x)− b(y)∣∣m∣∣fj (y)∣∣dy
 C|x|n
∫
|x−y|2|x|
∣∣Ω˜(x − y)∣∣∣∣b(x)− b(y)∣∣m∣∣fj (y)∣∣dy
CSm2k+1;b,Ω˜ (fj )(x).
Let F0 = {x ∈ Sn−1, |Ω˜(x)| 2} and Fd = {x ∈ Sn−1, 2d < |Ω˜(x)| 2d+1} for positive
integer d . Denote by Ω˜d the restriction of Ω˜ on Fd . Then,
Sm2k+1;b,Ω˜ (fj )(x)=
∞∑
d=0
Sm2k+1;b,Ω˜d (fj )(x).
Thus, by Lemma 2.1 and the conditions in Theorem 1.1, we have
∥∥Sm2k+1;b,Ω˜ (fj )∥∥Lq(Rn,|x|α2 dx)  ∞∑
d=0
∥∥Sm2k+1;b,Ω˜d (fj )∥∥Lq(Rn,|x|α2 dx)
C
∞∑
d=0
λΩ˜d ,m‖fj‖Lq(Rn,|x|α2 dx)
C‖fj ‖Lq(Rn,|x|α2 dx). (5)
In obtaining the last inequality, we use the fact that
∑∞
d=0 λΩ˜d ,m  C. In fact, our hypothe-
sis on Ω˜ now says that
∑
d>0 d
m‖Ω˜d‖s <∞. Set λmd = dm‖Ω˜d‖s + 2−d . It is obvious
that
‖Ω˜d‖s
λmd
logm
(
2+ ‖Ω˜d‖∞
λmd
)
 ‖Ω˜d‖s
dm‖Ω˜d‖s log
m(22d+1) C.
This in turn implies that
λΩ˜d ,m  C
(
dm
∥∥Ω˜d∥∥s + 2−d).
Therefore,∑
d0
λΩ˜d ,m = λΩ˜0,m +
∑
d>0
λΩ˜d ,m  C +C
∑
d>0
dm‖Ω˜‖s +C
∑
d>0
d2−d C.
Thus, by (5), it follows that
E1 C
{ ∞∑
k=−∞
2k(α−α2/q)p
(
k−2∑
j=−∞
∥∥χkTb,mf ∥∥Lq(Rn,|x|α2 dx)
)p}1/p
C
{ ∞∑
k=−∞
2k(α−α2/q)p
(
k−2∑
j=−∞
∥∥Sm2k+1;b,Ω˜(fj )∥∥Lq(Rn,|x|α2 dx)
)p}1/p
C
{ ∞∑
2k(α−α2/q)p
(
k−2∑
‖fj‖Lq(Rn,|x|α2 dx)
)p}1/p
k=−∞ j=−∞
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{ ∞∑
j=−∞
2jαp‖fj‖pLq(Rn)
}1/p
= C‖f ‖K˙α,pq (Rn),
where, for p > 1, we have used the Hölder inequality and, for 0<p  1, we have used the
well-known inequality( ∞∑
j=−∞
|αj |
)p

∞∑
j=−∞
|αj |p for any αj ∈R.
Now, let us turn to the estimate for E3. Note that when j  k + 2, x ∈Ak , and y ∈Aj ,
then 2|x| |y| and∣∣Tb,mfj (x)∣∣ ∫
Rn
|Ω˜(x − y)|
|x − y|n
∣∣b(x)− b(y)∣∣m∣∣fj (y)∣∣dy
C2−jn
∫
|x−y|2j+1
∣∣Ω˜(x − y)∣∣∣∣b(x)− b(y)∣∣m∣∣fj (y)∣∣dy
CSm2j+1;b,Ω˜ (fj )(x).
Thus, by (5), similar to the proof of E1, we have
E3 C
{ ∞∑
k=−∞
2k(α−α1)p
( ∞∑
j=k+2
‖fj‖Lq(Rn,|x|α1 dx)
)p}1/p
C
{ ∞∑
k=−∞
[ ∞∑
j=k+2
2jα2(k−j)(α−α1/q)‖fj‖Lq(Rn)
]p}1/p
C
{ ∞∑
j=−∞
2jαp‖fj‖pLq(Rn)
}1/p
= C‖f ‖K˙α,pq (Rn).
Therefore, Theorem 1.1 is proved. ✷
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